VARIABLE EXPONENT SOBOLEV SPACES WITH ZERO
BOUNDARY VALUES
PETTERI HARJULEHTO, HELSINKI
Abstract. We study different definitions of the first order variable exponent
Sobolev space with zero boundary values in an open subset of Rn .

1. Introduction
In this note we study the first order variable exponent Sobolev space with zero
boundary values. Variable exponent Lebesgue and Sobolev spaces have attracted a
steadily increasing interest over the last ten years although their history goes back
to W. Orlicz, see for example [22, 17, 27]. These investigations were motivated by
differential equations with non-standard coercivity conditions, arising for instance
from modeling certain fluids (e.g, [1, 7, 24]). The properties of the variable exponent
Sobolev space W 1,p(·) (Ω), where p : Ω → (1, ∞) is measurable and Ω ⊂ Rn is an
open set, depend crucially on the variable exponent p. For example, the class of
smooth functions either can be, [6, 26, 12], or does not have to be, [29, 13], dense
in W 1,p(·) (Ω) depending on p. Hence it is easy to guess that the closure of C0∞ (Ω)
under the Sobolev norm is not a natural definition of the Sobolev space with zero
boundary values in every case.
In [11] variable exponent Sobolev spaces with zero boundary values have been
defined following a method developed by Kilpeläinen, Kinnunen and Martio [15]
for metric measure spaces. In this definition a function u belongs to a Sobolev
space with zero boundary values in an open set Ω if there exists a quasicontinuous
function v ∈ W 1,p(·) (Rn ) which coincides with u almost everywhere in Ω and equals
zero quasieverywhere in Rn \ Ω. Here we use the Sobolev capacity studied in [10]
and hence assume that ess inf p > 1 and ess sup p < ∞. In this definition the set of
Sobolev functions with zero boundary values seems to depend on the values of p in
Rn \ Ω. We show that it does not if continuous functions are dense in the Sobolev
space. We also show that this class of functions can be characterized by inner traces
on the boundary in the sense on [28] if the exponent p is regular enough.
Our last definition of the Sobolev space with zero boundary values is the closure
of functions in W 1,p(·) (Ω) with compact support in Ω. This is the most general
condition and coincides with the two mentioned above if smooth functions are
dense in W 1,p(·) (Rn ). By [26], the last condition holds if p is bounded and
|p(x) − p(y)| 6

C
− log |x − y|

for every x, y ∈ Rn with |x − y| 6 21 .
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2. Variable exponent spaces
We denote by Rn the Euclidean space of dimension n > 2. For x ∈ Rn and r > 0
we denote the open ball with center x and radius r by B(x, r). Let Ω ⊂ Rn be
an open set. We will now introduce the variable exponent Lebesgue and Sobolev
spaces in Ω.
Let p : Rn → [1, ∞) be a measurable function called the variable exponent.
Throughout this paper the function p always denotes a variable exponent; also,
we define p+ = ess supx∈Rn p(x) and p− = ess inf x∈Rn p(x). We assume all the
time, except in our last theorem, that p is defined in the whole Rn . We define
the variable exponent Lebesgue space Lp(·) (Ω) to consist of all measurable functions
u : Ω → R such that
Z
%p(·) (λ u) =
|λ u(x)|p(x) dx < ∞
Ω

+

for some λ > 0. If p < ∞, then we can define u ∈ Lp(·) (Ω) if %p(·) (u) < ∞. The
function %p(·) : Lp(·) (Ω) → [0, ∞) is called the modular of the space Lp(·) (Ω). We
define a norm, the so-called Luxemburg norm, on this space by the formula
kukp(·) = inf{λ > 0 : %p(·) (u/λ) 6 1}.
This space is an Orlicz–Musielak space, cf. [20].
If kf kp(·) 6 1 then %p(·) (f ) 6 kf kp(·). Moreover, if p+ < ∞, then %p(·) (fi ) → 0
if and only if kfn kp(·) → 0. Hölder’s inequality, i.e. kf gk1 6 Ckf kp(·) kgkp0 (·) , holds
also in the variable exponent Lebesgue spaces. For the proofs of these facts see [17].
The variable exponent Sobolev space W 1,p(·) (Ω) is the space of measurable functions u : Ω → R such that u and the absolute value of the distributional gradient
∇u = (∂1 u, . . . , ∂n u) are in Lp(·) (Ω) The function %1,p(·) : W 1,p(·) (Ω) → [0, ∞) is defined by %1,p(·) (u) = %p(·) (u) + %p(·) (|∇u|). The norm kuk1,p(·) = kukp(·) + k∇ukp(·)
makes W 1,p(·) (Ω) a Banach space. For more details on the variable exponent spaces
see [17].
We recall from [10, Section 3] the definition and basic properties of the Sobolev
p(·)-capacity. For E ⊂ Rn we denote
Sp(·) (E) = {u ∈ W 1,p(·) (Rn ) : u > 1 in an open set containing E}.
The Sobolev p(·)-capacity of E is defined by
Cp(·) (E) =

inf

u∈Sp(·) (E)

%1,p(·) (u) =

inf

u∈Sp(·) (E)

Z

Rn




|u(x)|p(x) + |∇u(x)|p(x) dx.

In the case Sp(·) (E) = ∅ we set Cp(·) (E) = ∞. If 1 < p− 6 p+ < ∞, then
the set function E 7→ Cp(·) (E) is an outer measure and a Choquet capacity, [10,
Corollary 3.3 and Corollary 3.4]. If 1 < p− 6 p+ < ∞ and Cp(·) (E) = 0 then
H s (E) = 0 for all s > n − p− , with the understanding that if p− > n then E = ∅,
[10, Theorem 4.2].
A function u : Rn → R is said to be p(·)-quasicontinuous (in Rn ) if for every
ε > 0 there exists an open set O with Cp(·) (O) < ε such that u restricted to Rn \ O
is continuous. For a subset E of Rn we say that a claim holds p(·)-quasieverywhere
in E if it holds everywhere except in a set N ⊂ E with Cp(·) (N ) = 0.
It was proved in [10, Theorem 5.2] that if continuous functions are dense in
W 1,p(·) (Rn ) with 1 < p− 6 p+ < ∞, then every u ∈ W 1,p(·) (Rn ) has a p(·)quasicontinuous representative in Rn . Samko showed [26] that C0∞ -functions are
dense in W 1,p(·) (Rn ) if p+ < ∞ and if
(2.1)

|p(x) − p(y)| 6

C
− log |x − y|
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for every x, y ∈ Rn with |x − y| 6 12 . Edmunds and Rákosnı́k proved in [6] that
a certain monotonicity condition on the exponent is also sufficient for the density
of smooth functions. Hästö connected these two conditions in a single one, [12].
Zhikov showed that in the plane smooth functions are not dense if the exponent is
discontinuous, [29]. Hästö gave in [13] an example in which continuous functions
are not dense and the continuous exponent has growth just slightly greater than
that allowed in (2.1).
3. Results
We start our study in all of Rn . We give an example where p+ = ∞ and
functions with compact support are not dense in W 1,p(·) (R). Then we show that
if p+ < ∞, then every u ∈ W 1,p(·) (Rn ) can be approximated by functions with
compact support.
3.1. Example. Let p(x) = max{|x|, 1} and u(x) = 1/2 for every x ∈ R. Then
Z ∞
Z ∞  x
1
p(x)
dx < ∞
|u(x)|
dx ≈
2
−∞
1
and hence u ∈ W 1,p(·) (R). Let g be a function with compact support in (−a, a).
We find for every a > 0 that
Z ∞  x
1
%p(·) ((u − g)/λ) >
dx = ∞
2λ
a
for 0 < λ 6

1
2

and hence ku − gkp(·) >

1
2

for every g with compact support.

3.2. Theorem. If p+ < ∞, then bounded Sobolev functions with compact support
are dense in W 1,p(·) (Rn ).
Proof. Let u ∈ W 1,p(·) (Rn ). We write
um (x) = max{min{u(x), m}, −m}
for every m > 0. We obtain
Z
%1,p(·) (u − um ) 6

{x∈Rn :|u(x)|>m}




|u(x)|p(x) + |∇u(x)|p(x) dx → 0

as m → ∞ since |{x ∈ Rn : |u(x)| > m}| → 0 as m → ∞. Hence u can be
approximated by bounded functions.
Let φr ∈ C0∞ (Rn ) be a cut off function with φr (x) = 1 for x ∈ B(0, r), φr (x) = 0
for x ∈ Rn \ B(0, 2r), 0 6 φr (x) 6 1 and |∇φr | 6 C/r. We shall show that (uφr )
convergences to u in W 1,p(·) (Rn ) as r → ∞. We have
ku − uφr k1,p(·) 6 kuk1,p(·),Rn\B(0,2r) + ku − uφr k1,p(·),B(0,2r)\B(0,r).
The first term on the right hand side tends to zero since p+ < ∞ and
ρ1,p(·),Rn \B(0,2r) (u) → 0
as r → ∞. Next we approximate the second term:
ku − uφr k1,p(·),B(0,2r)\B(0,r) 6 kukp(·),Rn\B(0,r)
+ k∇u − (φr ∇u + u∇φr )kp(·),B(0,2r)\B(0,r)
1
6 kuk1,p(·),Rn\B(0,r) + kukp(·),Rn\B(0,r) ,
r
and we see that it also tends to zero as r → ∞. This completes the proof.
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1,p(·)

Let Ω be an open proper subset of Rn . By H0
(Ω) we denote the closure of
1,p(·)
∞
1,p(·)
C0 (Ω) in the space W
(Ω). Note that H0
(Ω) is a Banach space. Clearly
1,p(·)
the values of p in Rn \ Ω do not affect H0
(Ω).
1,p(·)
Assume that p : Rn → (1, ∞) with 1 < p− 6 p+ < ∞. We denote u ∈ Q0
(Ω)
1,p(·)
n
if there exists a p(·)-quasicontinuous function ũ ∈ W
(R ), called a canonical representative, such that u = ũ almost everywhere in Ω and ũ = 0 p(·)1,p(·)
quasieverywhere in Rn \ Ω. The set Q0
(Ω) is endowed with the norm
kukW 1,p(·) (Ω) = kũkW 1,p(·) (Rn ) .
0

1,p(·)

The space Q0
(Ω) is a Banach space, [11, Theorem 3.1].
We recall the following results, [11, Corollary 3.2 and Theorem 3.3].
3.3. Theorem. Let p : Rn → (1, ∞).
1,p(·)

1,p(·)

(i) If 1 < p− 6 p+ < ∞ then H0
(Ω) ⊂ Q0
(Ω).
(ii) If 1 < p− 6 p+ < ∞ and if C ∞ functions are dense in W 1,p(·) (Rn ) , then
1,p(·)
1,p(·)
H0
(Ω) = Q0
(Ω).
1,p(·)

The definition of Q0
(Ω) raises the following question: Do the values of the
exponent p in Rn \ Ω affect the function space? We will show that the answer is
negative. Before that we prove that the functions with compact support are dense
1,p(·)
in Q0
(Ω); the proof is essentially the same as in [11, Theorem 3.3], and it is
based on the arguments of [2, Section 9.2].
3.4. Lemma. If 1 < p− 6 p+ < ∞ and if continuous functions are dense in
1,p(·)
W 1,p(·) (Rn ), then the set of functions with compact support is dense in Q0
(Ω).
1,p(·)

Proof. Let u ∈ Q0
(Ω) and let ũ be its canonical representative. We need to
1,p(·)
show that there exist functions φi ∈ Q0
(Ω) with compact support in Ω that
tend to ũ in Ω.
If we can construct such a sequence for ũ+ (x) = max{ũ(x), 0}, then we can do
it for ũ− as well, and combining these two gives the result for ũ = ũ+ + ũ− . We
therefore assume that ũ is positive. By Theorem 3.2 we may assume that ũ is
bounded and has compact support in Rn . If we look at the proof of Theorem 3.2
we note that ũ after all is still quasicontinuous.
For 0 < ε < 1 define ũε (x) = max{ũ(x) − ε, 0}. Let G be an open set such
that ũ restricted to Ω \ G is continuous. Let δ > 0 and let ω ∈ W 1,p(·) (Rn ) be
quasicontinuous, 0 6 ω 6 1, ω|G = 1 and kωk1,p(·) < δ. For the existence of this
function see [11, Theorem 2.2]. The function (1 − ω)ũε is quasicontinuous and zero
at a point x if either ũ(x) 6 ε or x ∈ G. Hence it vanishes in a neighborhood of
Rn \ Ω. We obtain that
kũ − (1 − ω)ũε k1,p(·) 6 kũ − ũε k1,p(·) + kωũε k1,p(·) .
We have

−
%1,p(·) (ũ − ũε ) 6 εp %p(·) (χspt ũ ) + %p(·) χ{0<ũ(x)6ε} ∇ũ .
Since χ{0<ũ(x)6ε} (x)∇ũ(x) goes to zero with ε we see by the dominated convergence
theorem that kũ − ũε k1,p(·) goes to zero with ε. Since ũ is bounded we also find
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that
%1,p(·) (ωũ) 6

Z

Z
+
|ω(x)ũ(x)|p(x) dx + 2p
ω(x)p(x) |∇ũ(x)|p(x) dx
Rn
Rn
Z
p+
|∇ω(x)|p(x) |ũ(x)|p(x) dx
+2
Rn

6 (2

p+



+ 1)δ ess sup ũ(x) + 1
x∈Rn

p+

+2

p+

Z

ω(x)p(x) |∇ũ(x)|p(x) dx.
Rn

Since ω → 0 in Lp(·) (Rn ) as δ → 0, weRcan choose a subsequence ωi which tends to
0 pointwise almost everywhere. Then Rn ωi (x)p(x) |∇ũ(x)|p(x) dx → 0 by the dominated convergence theorem. Therefore %1,p(·) (ωi ũ) → 0 and so also kωi ũk1,p(·) → 0.
Thus we see that (1 − ωi )ũε → ũ as ε → 0 and i → ∞.

3.5. Theorem. Let Ω ⊂ Rn be an open set, let p, q : Rn → (1, ∞) be such that
p(x) = q(x) for every x ∈ Ω, 1 < p− 6 p+ < ∞, 1 < q − 6 q + < ∞ and let con1,p(·)
tinuous functions be dense in W 1,p(·) (Rn ) and in W 1,q(·) (Rn ). Then Q0
(Ω) =
1,q(·)
Q0
(Ω).
1,p(·)

1,q(·)

Proof. By symmetry it is enough to show that Q0
(Ω) ⊂ Q0
(Ω). Fix u ∈
1,p(·)
Q0
(Ω) and let ũ be its canonical representative in W 1,p(·) (Rn ). By Lemma 3.4
1,q(·)
we may approximate u by functions ui with compact support in Ω. Since Q0
(Ω)
1,q(·)
is a Banach space it is enough to show that each ui belongs to Q0
(Ω). Hence
we assume that u has compact support. We denote this support by E. We have to
show that u has a q(·)-quasicontinuous canonical representative.
We choose a cut-off function φ ∈ C0∞ (Ω) such that φ = 1 in E. Now φũ is p(·)quasicontinuous, φũ = u almost everywhere in Ω and φũ vanishes in the complement
of spt(φ), i.e. in some open neighborhood of Rn \ Ω.
Since φũ is p(·)-quasicontinuous there exists a sequence Oi ⊂ Rn of open sets
such that φũ restricted to Rn \ Oi is continuous and Cp(·) (Oi ) 6 2−i . Let U be an
open set with spt φũ ⊂ U and U ⊂ Ω. Evidently φũ restricted to Rn \ (Oi ∩ U ) is
continuous and Cp(·) (Oi ∩U ) 6 2−i . Again we choose a cut-off function Φ ∈ C0∞ (Ω)
such that Φ = 1 in U . Let gi ∈ S p(·) (Oi ∩ U ) with %1,p(·) (gi ) 6 2 · 2−i . Now
Φgi ∈ S q(·) (Oi ∩ U ) and hence
Cq(·) (Oi ∩ U ) 6 %1,q(·) (Φgi ) = %1,p(·) (Φgi ) 6 C(Φ)2−i .
We have shown that φũ is q(·)-quasicontinuous and hence u ∈ Q1,q(·) (Ω). This
completes the proof.

1,p(·)

If p is regular enough then we get a characterization of Q0
(Ω) by inner traces.
We follow the proof of [28, Theorem 2.2], see also [2, Theorem 9.1.3].
3.6. Theorem. Assume that p : Rn → (1, ∞) satisfies 1 < p− 6 p+ < ∞,
|p(x) − p(y)| 6
holds for every |x − y| 6

1
2

C1
− log |x − y|

and
|p(x) − p(y)| 6
1,p(·)

C2
log(e + |x|)

holds for every |y| > |x|. Then u ∈ Q0
(Ω) if and only if u ∈ W 1,p(·) (Ω) and
Z
1
u(y)dy = 0
(3.7)
lim
r→∞ r n B(x,r)∩Ω
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for p(·)-quasievery x ∈ ∂Ω.
Note that the assumptions in Theorem 3.6 guarantee that the Hardy-Littlewood
maximal operator is bounded from Lp(·) (Rn ) to itself, see [3] and also [4, 21, 23, 18].
1,p(·)

Proof. Assume first that u ∈ Q0
(Ω) and ũ is its canonical representative. By
[9, Theorem 4.7] the p(·)-quasicontinuous representative of ũ is
Z
lim – ũ(y)dy
r→∞

B(x,r)

and hence by [14]
Z
–

ũ = lim

r→∞

ũ(y)dy

B(x,r)

except on a set of zero p(·)-capacity. This implies that for p(·)-quasievery x ∈ ∂Ω
Z
Z
C
0 = lim – ũ(y)dy = lim n
u(y)dy.
r→∞ r
r→∞
B(x,r)∩Ω
B(x,r)

Assume now that u ∈ W 1,p(·) (Ω) and the condition (3.7) holds. We follow the
proof of [28, Theorem 2.2] and sketch the rest of the proof.
Let Ui ⊂ Ω be an increasing sequence of bounded open sets with U i ⊂ Ω and
limi→∞ Ui = Ω. Let φi ∈ C0∞ (Ω) be a cut-off function which is 1 in Ui . Hence
uφi ∈ W 1,p(·) (Rn ) and by [9, Theorem 4.7],
Z
lim – u(y)φi (y)dy
r→∞

B(x,r)

is a p(·)-quasicontinuous representative of uφi . Letting i → ∞ the subadditivity of
the capacity implies that
Z
ũ(x) = lim – u(y)dy
r→∞

B(x,r)

exists p(·)-quasieverywhere in Ω and that it is the p(·)-quasicontinuous representative of u in Ω.
We define u∗ (x) = ũ(x) for x ∈ Ω and u∗ (x) = 0 for x ∈ Rn \ Ω. By the
assumption we have
Z
Z
C
lim – u∗ (y)dy = lim n
u(y)dy = 0
r→0
r→0 r
B(x,r)∩Ω
B(x,r)

for p(·)-quasievery x ∈ ∂Ω. Since u∗ is identically zero in the complement of
Ω and since the capacity can be approximated by the Hausdorff measure, [10,
Theorem 4.2], we obtain that u∗ is approximately continuous at H n−1 -almost every
1,p−
x ∈ Rn . Since u ∈ Wloc
(Ω), we find as in the proof of [28, Theorem 2.2] that u∗ is
absolutely continuous on almost every line segment parallel to coordinate axis and
hence u∗ ∈ W 1,p(·) (Rn ). Now by [9, Theorem 4.7],
Z
lim – u∗ (y)dy
r→0

B(x,r)
1,p(·)

is the p(·)-quasicontinuous representative of u∗ and hence u ∈ Q0

(Ω).
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We write K0

n

7

(Ω) to denote the closure of

u ∈ W 1,p(·) (Ω) and u has compact support in Ω

o

in the space W 1,p(·) (Ω). It is easy to see that this is a Banach space and the set of
functions with compact support are dense there. Clearly the values of p in Rn \ Ω
1,p(·)
do not affect K0
(Ω).
3.8. Theorem. Let p : Rn → (1, ∞).
1,p(·)

1,p(·)

(i) If 1 < p− 6 p+ < ∞, then Q0
(Ω) ⊂ K0
(Ω).
(ii) If 1 < p− 6 p+ < ∞ and continuous functions are dense in W 1,p(·) (Rn ),
1,p(·)
1,p(·)
then Q0
(Ω) = K0
(Ω).
1,p(·)

Proof. Let u ∈ Q0
(Ω) and let ũ be its canonical representative. We need to
show that there exist functions φi ∈ W 1,p(·) (Ω) with compact support in Ω that
tend to ũ in Ω. As in the proof of Lemma 3.4 we may assume that ũ is bounded
and has compact support in Rn .
For 0 < ε < 1 define ũε (x) = max{ũ(x) − ε, 0}. Let G be an open set such that
ũ restricted to Ω \ G is continuous. Let δ > 0 and let ω ∈ W 1,p(·) (Rn ), 0 6 ω 6 1,
ω is one in an open set containing G and kωk1,p(·) < δ. The function (1 − ω)ũε is
zero at a point x if either ũ(x) 6 ε or x ∈ G. Hence it vanishes in a neighborhood
of Rn \ Ω. Using the same arguments as in the proof of Lemma 3.4, we obtain the
desired sequence (φi ).
1,p(·)
To prove the claim (ii), assume that u ∈ K0
(Ω). By definition there exists a
1,p(·)
sequence (ui ) of functions with compact support converging to u. Since Q0
(Ω)
1,p(·)
is a Banach space, it is enough to show that each ui belongs to Q0
(Ω). Since
continuous functions are dense in W 1,p(·) (Rn ), every ui has a quasicontinuous representative [10, Theorem 5.2]. Since ui is zero everywhere in Rn \ spt(ui ) its quasicontinuous representative is zero quasieverywhere in Rn \ spt(ui ), [14] (or [11,
Lemma 2.1]) and Rn \ Ω ⊂ Rn \ spt(ui ). This completes the proof.

3.9. Example. P. Hästö constructed a function u ∈ W 1,p(·) (B(0, 41 )) which is
not continuous at the origin (even if we redefine it in a set of measure zero) and
Cp(·) ({0}) > 0, i.e. the function u does not have a quasicontinuous representative,
[13]. In this example the exponent is continuous and satisfies
log2 log2 (1/x)
.
− log x
Multiplying u with a suitable Lipschitz continuous cut-off function φ which is 1 in
1,p(·)
(B(0, 41 ))
B(0, 81 ) and zero outside B(0, 38 ), we get a function which belongs to K0
1,p(·)
1
but not to Q0
(B(0, 4 )).
|p(x) − p(0)| ≈

In the conclusion we collect our results. Assume that p : Ω → (1, ∞) with 1 <
p− 6 p+ < ∞ and that
C
(3.10)
|p(x) − p(y)| 6
− log |x − y|
holds for every |x − y| 6 21 . Now p can be extended by the McShane extension,
see [19], to Rn so that p− and p+ do not change and (3.10) holds, possibly with
a different constant, for every x, y ∈ Rn with |x − y| 6 12 . Hence by [26] C0∞ (Rn )
is dense in W 1,p(·) (Rn ). Keeping Theorem 3.5 in mind we obtain by Theorems 3.3
and 3.8 the following theorem.
3.11. Theorem. Let Ω ⊂ Rn be an open set and let p : Ω → (1, ∞).
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(i) If 1 < p− 6 p+ < ∞, then
1,p(·)

H0
−

1,p(·)

(Ω) ⊂ Q0

1,p(·)

(Ω) ⊂ K0

(Ω).

+

(ii) If 1 < p 6 p < ∞ and
|p(x) − p(y)| 6

C
− log |x − y|

for every |x − y| 6 21 , then
1,p(·)

H0

1,p(·)

(Ω) = Q0

1,p(·)

(Ω) = K0

(Ω).
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[9] P. Harjulehto and P. Hästö: Lebesgue points in variable exponent spaces, Ann. Acad. Sci.
Fenn. Math. 29 (2004), 295–306. Zbl 1079.46022
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[11] P. Harjulehto, P. Hästö, M. Koskenoja and S. Varonen: The Dirichlet energy integral and
variable exponent Sobolev spaces with zero boundary values, Potential Anal. 25 (2006), no.
3, 205–222. Zbl pre05077649
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